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Abstract. The Modified Tetrahedron Equation (MTE) with affine Weyl quantum 
variables at N-th root of unity is solved by a rational mapping operator which is 
obtained from the solution of a linear problem. We show that the solutions can be 
parameterized in terms of eight free parameters and sixteen discrete phase choices, 
thus providing a broad starting point for the construction of 3-dimensional integrable 
lattice models. The Fermat curve points parameterizing the representation of the 
mapping operator in terms of cyclic functions are expressed in terms of the independent 
parameters. An explicit formula for the density factor of the MTE is derived. For the 
example = 2 we write the MTE in full detail. We also discuss a solution of the 
MTE in terms of bosonic continuum functions. 
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Introduction 



The Zamolodchikov tetrahedron equation is the condition for the existence of a 
commuting set of layer-to-layer transfer matrices for 3-dimensional lattice models, in 
much the same way as the Yang-Baxter equation is the analogous condition in the 2- 
dimensional case. Only very few solutions to these very restrictive equations have been 
found 0, 0. So various Modified Tetrahedron Equations (MTE) have been studied to 
which more solutions can be obtained 0, ^ ||, ^, 0; 0? still leading to commuting transfer 
matrices or generating functionals for conserved quantities. 

In this paper we shall concentrate on a particular MTE proposed in p, [1^]. The 
quantum variables are elements from an ultra-local affine Weyl algebra attached to 
every vertex of a 2-dimensional graph. Since we consider the Weyl parameter to be a 
N-th root of unity, the N-th powers of the quantum variables form a classical system 
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which determines the parameters of the quantum system, as has been considered in for 



the discrete sin-Gordon model and other models recently, e.g. |]TT], |T^, |T^, |T^. So the 
parameters of the eight R matrices appearing in the MTE are different, but related by 
functional mappings. 

A linear problem discussed previously by one of us [1^], is used to determine 
the mapping which provides a multi-parameter solution to the MTE. The construction 
of a generating functional of the conserved quantities has been given in P]. Here we 
concentrate on calculating the density factor of the MTE and to give a useful choice of 
the eight continuous parameters of the mapping. 

The aim of studying these equations is at least two-fold: first a 2+1-dimensional 
integrable lattice model should emerge, and second, the MTE can be used by contraction 



15| to construct new 2-dimensional lattice models with parameters living on higher 



Riemann surfaces. 

The paper is organized as follows: In Sec.l we introduce the rational mapping in the 
affine Weyl space and show that if the Weyl parameter is a root of unity this splits into a 
matrix mapping and a functional mapping. Then we consider two different realizations: 
in terms of cyclic functions (this will be mainly used) and in terms of Gaussians. Sec. 
2 discusses the modified tetrahedron equation and we calculate its weight function. In 
Sec. 3 we focus on the parameterization in terms of line ratios, finding eight continuous 
parameters and analyze the phase ambiguities. For the specific case = 2 in Sec. 4 we 
show that the modified tetrahedron equations can be written quite explicitly and that 
of their 2^^ matrix components there are 256 linearly independent equations. In Sec. 5 
we give a summary and mention future applications. 



1. The rational mapping IZ in the space of a triple afRne Weyl algebra. 

The central object of our considerations will be a mapping operator acting in the 
space of a triple Weyl affine algebra. We shall see that this mapping operator can be 
written as a superposition of a functional mapping and a finite-dimensional similarity 
transformation. It is the operator of this similarity transformation which will satisfy 
the MTE. Several interpretations are possible, e.g. as vertex Boltzmann weights (albeit 
not positive ones) of a three-dimensional lattice model. It will be a generalization of the 
Zamolodchikov-Bazhanov-Baxter [jl], |^ Boltzmann weights in the Sergeev-Mangazeev- 
Stroganov 0] vertex formulation. The principle from which this mapping is obtained 
has been described in detail in 0. It is a current conservation principle with a Baxter 
Z-invariance. 



1.1. The linear problem. 

To set the framework we assign to each vertex j of a 2d graph the elements Uj, Wj of 
an affine Weyl algebra at Weyl parameter q a root of unity: 

Uj ■ Wj = q Wj ■ Uj, q = uj = e^'^'l^ , G Z , > 2 . (1) 
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Since g is a root of unity, u.^ and wj^ are centers of the Weyl algebra. We shall often 
represent the canonical pair (uj, Wj) by its action on a cyclic basis as unitary N x N 
matrices multiplied by complex parameters Uj, Wj, writing 

u = ux; w = wz] (2) 

I cr) = I cr mod N) ; {a\a') = 6ay; x | a) = | cr) cj'^ ; z | a) = | a + 1) . (3) 
The centers are represented by numbers: 

N N N N I' A\ 

Uj = Uj , Wj = Wj . (4) 

We define the ultra-local Weyl algebra 2U®'^ as the tensor product of A copies of Weyl 
pairs 

Uj = 1 (g) 1 O ... O^^®... ; Wj = 1 (g) 1 O ... O^w^O... . (5) 

j—th j—th 
place place 

Denote the four faces around the vertex j (in which two oriented lines cross) clockwise 
by a, b, c, d as e.g. shown in the left side of Fig. ^ for the vertex j = 3. Imagine a 
current ( (p \ flowing out of the vertex into the four faces a, b, c, d, each face receiving 
a current (0^1 {s = a, b, c, d) according to the values of the Weyl variables sitting at 
the vertex and a coupling constant kj (which may be different at each vertex): 

(01 = {(pal + {(pbl ■ q^^^'^j + {(pel - + {(pd\ ■ Kj Uj Wj. (6) 

Demanding that the total current flowing out of an internal vertex is zero: {(p\ = , 
and demanding also that the currents flowing into the outer faces of various graphs are 
independent of the internal structure of the graphs (this is a Z-invariance assumption), 
we get a condition for the equivalence of linear problems. The right hand side of 
Fig.l shows two such linear problems, one in the bottom plane, another in the upper 
plane. The equivalence condition determines the mapping 7?.i 2,3 between the lower 
(roi, rD2, ttis) and upper {xv[, W2, to'^) triangle in Fig. |l] uniquely. The details of this 
calculation can be found in 0, in (0)-(0) below we present the result. 
For our case of interest q = u it is convenient to choose the specific form (^) of the 
coefficients, which is unsymmetrical in a, b, c, d. There exists a fully symmetrical 
formulation of the linear problem valid at general q, still leading to a unique mapping 
"^1,2,3 0- However, this will not be needed here. 

1.2. The rational mapping 7?.i^2,3 

The solution of the equivalence problem of the linear current flows is the following 
rational mapping TZ acting in the ring of rational functions of the generators of the 
ultra-local Weyl algebra 0: For any rational function $ we define 

(^1,2,3 o (ui, Wi, U2, W2, U3, W3, ...) =^ $(u'i, w[, U2, W2, U3, W3, ...) (7) 
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Figure 1. The linear problem for the vertex with associated Weyl pair U3, W3 and 
parameter K3 and the visualization of 7?,i^2,3- The elements foi, tn']^, etc. of the ultra- 
local afhne Weyl algebras are assigned to the vertices of two auxiliary two dimensional 
lattices formed by the intersection of three straight lines with the auxiliarly planes. 



(8) 



where in the right hand side of (|^ the u„ and w„ remain unchanged for all a ^ {1, 2, 3}, 
and the primed elements are rational functions of Ui, W3, given by the definition 
w'l = W2 ■ A3 , W2 = Aa"^ ■ Wi , W3 = k^'^ ■ , 

u'l = A2 ^ ■ Wg"^ , U2 = A^;^ ■ U3 , U3 = U2 ■ A^ , 
where 

^1 = u]"^ ■ U3 - g^/^ ■ + ■ u^^ , 

A2 ^ ^ U2-^ ■ W3-1 + ^ ur^ ■ W2-^ - ^ U2 ^ • W2-^ , (9) 

A3 = Wi ■ W3 ^ - g^/^ U3 • W3"^ + K3 W2"^ • U3 . 

i^ii 1^2, G C are arbitrary extra parameters of the mapping 7^i,2,3- In this subsection 
q can be in general position. 

Note that the order of the factors in the right hand sides of does not matter. 
Each combination Aj {i = 1,2,3) contains only elements of the Weyl algebra which 
commute with the other factors in the product. For example, A3 does not have the Weyl 
operators ui and U2. From (|^) we see that the rational mapping 7^i,2,3 has the three 
invariants: 

W1W2, U2U3, UiW3\ (10) 

This means that this mapping has the property that the products Uj^^u/ and wj^^wj' 
for j = 1, 2, 3 (no summation over j) depend only on three operators which we denote 
by u, V and w: 

u = W2"^W3; V = U1U2 ^; w = WiU3"'^, (11) 
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as one easily checks explicitly: 

(W3 W3 ) = (u^ ui ) = U1A2W3 = — V H u - q ' vu; 

^U2')^^ = Us'ug ""^ = U3 "'^AiU2 = + KiW — g^^^v~^w; 

Wjf^'^Wi' = (W2^"'^W2')~^ = W2A3W]^^ = U^"*^ + KiW^^ — g^^^w^^u^""^. (12) 

Observe that the three operators (|ll|) form a triple Weyl algebra: vu = q uv, vw = 
gwv, uw = gwu, and also at each vertex j we can regard uj, Wj together with 
Vj = KjUjWj as forming triple Weyl algebras. 

The mapping 71 has the property (see ||^, ||, |16|, |10[ for the details): 



Proposition 1 The invertible mapping TZi,j,k is an automorphism of 



Remark 1 The Proposition states that the rational mapping ^ is canonical, namely, 
it sends three copies of the ultra-local Weyl algebras into the same Weyl algebras. 

Later, in Sec. Proposition ||, we shall discuss the second crucial property of the 
mapping TZ: it solves the Tetrahedron Equation (^). 

1.3. Functional part at root of unity 

In all the following we shall consider only the case that g is a root of unity ([l|) and use 
the unitary representation (|^) of QU*^^ . In this representation each affine Weyl element 
Uj and Wj will contain one free parameter uj resp. Wj, as written in (|^). 

The basic fact is that at Weyl parameter root of unity any rational automorphism 
of the ultra-local Weyl algebra implies a rational mapping in the space of the iV-th 
powers of the parameters of the representation [|1^, [1^, . In our case (^ it is easy to 
check that the mapping 7^i,2,3 implies 



,'N „,.N \N „jN ^1 „jN ^ 



Wi — W2 ii-s , ^2 — —jjr , W; 



' ^ A^< ' 

u'^ - I u'^ _ ^ u'^ - 

' ~ A^< ' ^ ~ Af ' ~ ^ ' ' 

where the iV-th powers of the A^ are also numbers: 



aA^ -N N I -N N , N N -N 

A/ = M3 + w{ + w{ U2 , 



N N N N 

N ^1 „.-N „.-N I ^3 „.-N „.-N I ^1 ^3 „.-N „.-N 



(13) 



A- = '^U2^W^- + ^«r"^2-" + '^U2^W2\ (14) 



^2 "'2 "-2 

A3 = + M3 W3 + K3 W2 M3 

since for q = to and a,b E C one has (au + 6w)^ = (au)^ + (bw)'^, using 
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Definition 1 The functional counterpart of the mapping ^^1^2,3 is the mapping 7?.^ 2 3? 
acting on the space of functions of the parameters uj, wj {j = 1,2,3) 

(^l5,3 ° 4>) {U-^, ^1, "2, W2, %, W3) =^ (t){u[, w[, u'2, W2, %, W3) , (15) 

where the primed variables are functions of the unprimed ones, defined via 

= , = , etc., (16) 

such that the uj, Wj, u'j, Wj satisfy 



11^ Uj 

W[w'2 = W^W2 , M2U3 = U2U3 , = — . (17) 

W3 W3 

( f) 

The three free phases of the N-th roots are extra discrete parameters of 7^i 2 3- 

We use the invariance of the three centers U2Us, ui/ws and W1W2 to define three 
functions Fi, r2, r3: 

N N N N 

/ -1 A \^ ^2 wiUo AfW{ 

^ ' WfWg ^3 

N N N N N N N N 

T^iv "'I "^3 / A ^1 ^1 ^3 ^3 ^1 ^3 ^1 ^3 

r2 = = — nv = (^3A2Ml) = AT TV + AT jv + /V JV„,,Ar 5 

2 2 2 2 2 2 2 

Af N N N 

{w,'A^W2) = -^ + ^^ + ^^^. 18 

W3 WfWg 

so that, ahernatively to using ([T3|) , (|14D, the functional mapping can be written as 



N 


/N 

'«3 




1 ~ 




w'2^ 


AT 




^3^ 


2 ~ 




/ Af 
W3 


AT 


w[ 


^2^ 


3 ~ 







1 2 1 1 

The Fj depend on 3 variables and the 3 constants Kj. Their phases are arbitrary. 



1.4-- Matrix part at root of unity 

Now we consider the matrix structure of 7^i,2,3 at g a root of unity. First of all, we 
define 

x; = 4 > ^'i = 4 ' etc. (19) 

The normalization implies the conservation of the centers 

xf = xf = 1 , zf = zf = 1 , etc. (20) 
The rational mapping (P) for the set of matrices (^) has the form 

(Xj = X2 + X^ Z2 Z3-UJ ' X2 Z2 Z3, 

K2M2 H2U1W2 K.2U2W2 

Zi = — ^ Z1Z2Z3 - U ' — Z2X3Z3 + — X3, 
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(x'J-^ = ^x-^ - .;V2!f!i!4^-i^^ 1 ^ -1, (21) 

(Z2) = — Z3 -o;/ Zi X3Z3 + Zi Z2 X3, 

W3 Wl^s WilU2 

, M2M3 _i 1/2^1^2 -1 , t^2Wl 

X3 = ;-Xi X2X3 - LO ' ;-Xi Z1X2 H Zi, 

M1M3 ^1^3 M3 

1 KiMiWg _i _i K3W3 _i 1/2K1K3M1W3 _i _i 

(Z3) = X1X2 Z3 H Z2 — uj ' X1X2 Z2 . 

K2M2W3 K2W2 K2U2W2 

This mapping x^, z^- x^- , z^- , j = 1, 2, 3, is the basic example of a class of the canonical 
rational mappings of the ultra-local Weyl algebra. The following lemma establishes the 
uniqueness of the matrix structure of any such mapping. 

Lemma 1 Let Xj, Zj, j = 1 ... A be a normalized finite- dimensional unitary basis (0j 
of the local Weyl algebra 

Xj Zj = q Zj Xj 5if, = 1; yif = zf = 1. (22) 

Let S: Xj, Zj \—>- x^-, z'j be an invertible canonical mapping in the space of rational 
functions of^j,Zj such that it conserves the centers 

X ^. = Z ^ = 1 . 

Then there exists a unique (up to a scalar multiplier) x A^"^ matrix E such that for 
any $ of eq. (|^) .- 

$(x;, z;.) = E^{^,,z,)E-\ (23) 

Proof: The ring of the rational functions of Xj,Zj at root of unity is the algebra of 
the polynomials of Xj,Zj with C- valued coefficients. Evidently this enveloping algebra 
is the complete algebra of A^'^ x A^^ matrices. Since £ is invertible, the envelope of 
x^-,z^- is the same matrix algebra. Furthermore, since £ is canonical and conserves the 
A'^-th powers of the Weyl elements, £ is an automorphism of the matrix algebra. Finally, 
since the algebra of A^^ x A^'^ matrices is the irreducible fundamental representation of 
the semi-simple algebra q{[N^), any such automorphism is an internal one and may be 
realized by the unique matrix E of (^). □ 

1.5. Matrix part of 7^1.2,3 o-t root of unity in terms of Fermat curve 
cyclic functions Wp{n) 

Due to lemma |l| there exists a unique (up to a scalar factor) A^'^ x A^^-dimensional matrix 
Ri,2,3, such that 

Rl,2,3Xi = x'iRi,2,3, ^1,2,3 21 = z'^ Ri,2,3 , etC. (24) 

for (13). 
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The basis independent expression for Ri,2,3 is not a useful object, and here we give 
the matrix elements of Ri,2,3 in the basis in terms of the Bazhanov-Baxter cyclic 
functions Wp{x) which we shall mainly use in this paper. We define 



Wp{n) _ y 



Wp{n - 1) 1 



WpiO) = 1, (25) 



where n G Zjv and p = {x, y) denotes a point on the Fermat curve 

+ = 1. (26) 

For n > we have 



WJn' ' ' ^ 



- n 13^. (27) 



and generally Wp{n + N) = Wp{n), because of (1 — uj'^ x) = y^ . One 

automorphism of the Fermat curve will be important for later calculations. Defining 
Op by 

p = {x, y)^Op= {uj'^x-\ u~^^^x~^y), (28) 
we have 

^P('^) = T,, , \ ^ . (29) 

Wop{-n) ^{n) 

with 

$(n) = (-l)"cu"'/^ (30) 
At special points on the Fermat curve the Wp{n) take simple values: Defining 
9o = (0, 1); goo = go; gi = (^^"\0); (31) 
we get 

W,,in) = 1; = ^-\ny, = 5^,0- (32) 

We now express our conjugation matrix in terms of the functions Wp{n) : 

Proposition 2 In the basis (Qj the matrix Ri,2,37 solving the relations has the 

following matrix elements: 

{il,i2,i3\ Rl,2,3 1 Jl , J2 , 33 ) = RilTJ^ 

_ X ^0i-n)j3 Wp,{t2-ti)Wp,ij2-Ji) 

Wp,{32-ti)Wp,{t2-3i) 
where the x-coordinates of the four Fermat curve points are connected by 

xi X2 = uj xs Xi . (34) 

In the terms of the variables Uj, Wj, nj, j = 1,2,3, these points are defined by 

/.? 1/2 ^, f..f f, . 
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where the u'^ w'j and Uj, Wj are related by the functional transformation (|75y; 

= 7^S2,3 ° = ^S,3 ° (37) 
Proof. We shall give the proof, that (|33|) produces the rational mapping, for the first 
line of (^1]) only, the other equations follow analogously. 

First observe that the matrix elements of the operator Ri,2,3 satisfy several recurrent 
relations. In particular, we will need the recursion 



yi 1 - cj^2-ii+ia;4 



which can be rewritten in the form 

pil>i2,j3 , _ T-)iij2,i3 I ^iVi -nil, 32, 33 ryjl,32,j3 (oo^ 

However, this recurrent relation is the matrix element {iii2H\ ■ IJ1J2J3) of the operator 
equality 

Rl,2,3 ■ (Xj = X2 H Xi Z2 Z3 X2 Z2 Z3 ■ Ri,2,3- 

\ujXi 2/1X4 t^a;4?/i / 

This coincides with the first line in provided the identification (|35D and (^) is 

valid for the Fermat points (xi,?/i)and (x4,|/4). □ 

Remark 2 R zs a matrix function of three continuous parameters xi, 0:2, xs and 
three discrete parameters: the phases of yi, y2, 2/3. Equivalently, one may use ki — , 

/t3 — and — as the continuous parameters and the phases of u\, u'o, w\ as the discrete 

parameters. Formulas ( P4[5^ establish the correspondence between these choices. We 
call the parameterization of Ri,2,3 i'n the terms of "free parameterization" . 

Remark 3 Formulated in terms of mappings, the automorphism 7^1^2,3 of the ultra- 
local Weyl algebra at the root of unity is presented as the superposition of a pure 
functional mapping and the finite dimensional similarity transformation: 

7^l,2,3 ° ^ = Rl,2,3 (^Sf2,3 ° ^) Rm,3 • (39) 

1.6. Free bosonic realization o/Ri,2,3 

Analogous to the continuum realization of the TE-Boltzmann weights proposed in 



eq.(4.1) of |17|, also our (|3^) can be written in a bosonic realization. In this realization 



the cyclic weights Wp{n) of (|25D are replaced by the following Gaussian weights: 

WJa)=exp(^^^aA] cr G M, x G C; S^m — ^ > 0. (40) 

\2n,x — 1/ X — 1 

At each vertex j of a graph define a pair of operators q^-, Pj satisfying [q^/, pj] = ih6jj', 
and scalar variables Uj, Wj. We choose a basis | aj) with {aj' \ (Xj) = S{aji — aj), such 
that for il){a) & LF' we have 

^(f^i) =^ ((^il qj- IV^) = c^i^(c^j); (a^l p^ = ^ ^^q^^^ ■ (4i) 
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For each set of vertices we define the corresponding operators and scalars and a direct 
product space of the single vertex spaces. Consider now the following mapping Ri,2,3 in 
the product space of three points j = 1, 2, 3 by 

J^dlogu'j d\ogu'^ _ , 

1 d log w', d log w', , , ^ 

Ri23 P, Rr23 = E TvT^ ^'^ + TvT^ = P • 42 

^^log^fc ^logWfc ^ 

where the relation between the primed and unprimed scalars Uj, wj is given by ([T5|) , 
putting there formally = 1 . The kj are further parameters ("coupling constants") 
at the vertices j. As the following proposition shows, equations (^2]) are the bosonic 
continuum analogs to eqs.(0) of the discrete case. 

Proposition 3 In the basis the operator Ri,2,3 has the following kernel 

(cTlJ ^2) Cr3|Rl,2,3|cri, 0-2)^^3) 

= '3(^2 + ^3-^2-^3) e '•^ ^ ' ..r j, ^ N Tx. / -7T' 

with the constraint xi X2 = x^x^. In terms of the variables Uj, Wj, kj, (j = 1,2,3), 
the Xk E M. are defined by (obtained by putting formally uj~^/'^ —1 in 

1 -Un "^2 "^2 1^2 
Xl = ; X2 = -K2 — ; X^ = — ] X4 = (44) 

where u[ and u'2 are defined as in with N = 1. 

Proof: We give the proof for one of the six equations (P^, as the other equations 
follow analogously. Let us write shorthand \a) for \cri,a2,cr^) and d^a = daidij2da^ 
etc. We consider: 

y"rfV(a|Ri,2,3k')(a'|q3|a") = y"dV(a|q;3|a')(a'|Ri,2,3k") (45) 
which should be satisfied for all cxi, cr2, cxs, a'l, (T2, cr'^. Written more explicitly, the kernel 

= K^2 + cy,-a',-a'^) exp (^^ S(a, a'; 
where 

, Wi{a2 - aiY + u^{oi - a'^f {kiUiW2 + k^U2W2, + KiK:iUiW:i){a2 - (t[Y 
^ > = ^1 — 1 \ ^ + 1 ^ ^ 

U2 Wi[KiUi+U2) K^WslHiUi + U2) 

U3{KiUiW2 + K3U2W3 + KiK3UiW-i){a'2- a[f 

+ 7 , , 77 , ^ 2 cTi - ai)a^. (46) 

From (^) we get: 

{Wi + M3)M2(q2 - qi) + M2M3q3 + (^2 + KlMl)wiPl 



qs 



M2'U3 + U2W1 + KiUiWi 
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and (H5|) becomes: 



j d'a' 5{a, + a,-a'^- a',) exp a')^ < 5\a' - a") 

(wi + ^3)^2(0-^ - 0-^) + MaMaCTa + ("2 + Ki^Owif A 
rfV r(a-a) X 

X 5(a^ + 4 - 4 - al) exp a")) • (47) 

Since 

, ,Wi (9S(cr', a") , , , , ,, , , 

(M2 + KlMi)-^ ^-^ = (Wi + ■U3)M2(Ti - ■U2W1CT2 - M2M30"2 + (w;iM2 + Ki-UiWi)(J3, 

eq. f^Tl) reduces to 

„ , „ U2U:i{a2 + (J-i - a'i) + {U2W1 + Kiuiwi)a'^ „ „ 

a^d{a2 + 0-3 - - 0-3) = \ \ '^('^2 + CTs - cr2 - ^3) 

M2M3 + U2'Wi + KiUiWi 

□ 

2. The modified tetrahedron equation 

For three-dimensional integrable spin models the Tetrahedron Equation (TE) plays a 
role which the Yang-Baxter equation has for two-dimensional integrable spin models. 
The TE provides the commutativity of so-called layer-to-layer transfer matrices. In 
our case, where the dynamical variables form an affine Weyl algebra, we are able to 
define a more general equation: the Modified Tetrahedron Equation (MTE), which 
provides the commutativity of more complicated transfer matrices, see e.g [0, |[. In 
Fig. we show a graphical image of the mappings leading to the tetrahedron equation 
(|): the sequence of mappings Qi ^ Q2 ^ ^ Qi ^ Q5 gives the same Q5 as 

Qi Qs ~^ Q7 ~^ Qe ^ Qb- 

Following eq.(|^) let us fix the following notation for the superposition of two 

mappings A and B: 

((^•i3)o$) {Ao{Bo^)) . (48) 



Due to the uniqueness of the mapping TZ discussed in section |L2|, p.|, we arrive at the 
Proposition 4 The mapping TZ solves the Tetrahedron Equation: 

TZus ■ 7^145 ■ "7^246 ■ "^356 = "^356 ' "^246 ' "7^145 ' "^123 ; (49) 

acting in the space of the twelve affine Weyl elements Ui, wi, U2, W2, . . . , W5, ug, wg. 

Since, as has been discussed in Sec. pTS] , any rational automorphism of the ultra-local 
Weyl algebra implies a rational mapping in the space of N-th powers of the parameters 
of the representation, its is a direct consequence of (^91) that the 7?,^ j\ of (|15D solve the 
tetrahedron equation with the variables , , j = 1, . . . , 8: 

'^123 '^145 '^246 '^356 ~ '^356 '^246 '^145 '^123 ■ 




Figure 2. Graphical image of the two equivalent ways of transforming the four- 
line-graph ("quadrilateral") Qi into graph Q5, which leads to tetrahedron equation. 
Observe that each graph contains only two triangles which can be transformed by a 
mapping TZ: In graph Qi either the line 124 can be moved downward through the 
point 3 (leading to graph Q2), or the line 456 can be moved upward through point 3 
(leading to Qs)- Both the left hand and right hand sequences of four transformations 
lead to the same graph Q5. 



We want to get this functional tetrahedron equation not only for the N-th powers of 
the variables but for the variables uj and wj directly. However, when taking the N — th 
roots, not all phases of the Uj, Wj can be chosen independently. In Sec. ^]2| we shall 
show explicitly how to make an independent choice of phases. 

Once an appropriate choice of phases has been made, we obtain the functional 
tetrahedron equation on the variables Uj, Wj. Now using (|39|) the functional tetrahedron 
equation can be canceled between the two sides of (|^), and we are left with the Modified 
Tetrahedron Equation for the finite dimensional R-matrices: 



3,5,6 



(51) 



1^1,2,3 ■ (j^l^,2,3 ° 1^1,4,5 j ■ (^'^l'^2,3'^M,5 ° ^^2,4,6^ ' (^'^l'^2,3'^M,5'^2'f4,6 ° ^ 
~ R.3,5,6 ■ ° ^-2,4,6^ ■ (j^3,l<i^2,l6 ° ^^1.4,5) " (^3'!5,6'^2f4,6^M,5 ° ^-1, 

Observe that due to the cancellation of the functional tetrahedron equation there is no 
TZ^/l 6 ^^f^ hand side of (0) and no Tl[^l 3 on the right hand side. Because of the 
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uniqueness of the mapping shown in Lemma ^ on page the left and right hand sides of 



(pT|) may differ only by a scalar factor, which arises when we pass from the equivalence 
of the mappings to the equality of the matrices. So, in matrix element notation the 
MTE reads 

is J5,i6 

j2,3iM> I T^(&,\hyk4,,k5 / T-)f5U'^l''^2,fc3 

J2,i3 ' 



y iR^'Y'"'" [R^'T'"''^ (R^w'^'"'' 

h--h /CO") 

P V fi^WV^'^"'^" ('^(7)y2J4,fc6 .^(6)yi,fc4,fc5 ^j^(5)\k^MM W ) 

" Z-^ ^ h3,i5,i6 V 'i2M,36 ^ 'il,j4,j5 ^ ' jl,j2,j3 ' 

Where corresponds to R,,,,,, R^'^ to n[q,, o R,,,,^, etc. Here p is the scalar factor. 
The matrix elements of each R^^'^ as functions of the Fermat-curve parameters yp'' 
are given by Proposition 3 with functional mappings applied as shown in (|5T|) . The 
N^-th power of the scalar factor in (^) is 

^3 _ detR(i) detR(2) det R^^) det R^^^ 

^ " detR(«) detR(^) det R(^) det R(^) ' ^ ^ 

and this can be obtained from the determinant of one single matrix Ri,2,3 just by 
substituting the respective coordinates. 

If the realization of the mapping by the free bosonic weight function (|43| ) is used, 
the corresponding modified tetrahedron equation involves integrations over M instead 
of the summations over Z^y. The bosonic MTE may be proven directly with the help 
of Gaussian integrations. 

2.1. Calculation of the determinant of Ri,2,3 

We use the representation (|33| ) to find a closed expression for det Ri,2,3- The numerator 



term Wp^{j2 — ji) is diagonal, so it just contributes a factor {Y[n^P2i''^))^ the 
determinant. For later convenience, we treat the other numerator factor Wp-^^{i2 — ii) 
of (^3D differently: using the Fermat curve automorphism (^8|) we write 
1 



Wopi{ii — ^2) is diagonal and its determinant is trivially calculated. We combine the 
factor $(^2 — ^i) with the two non-diagonal terms Wp^, Wp^ and write: 

det(^i,Z2,.3|R|ji,j2,j3)= I II det ^'^'^r'^'^^^Tr m (54) 



We now calculate the determinant on the right hand side of (|5^) from its finite Fourier 
transform in the indices ii and ji. So we define and evaluate 

(il,i2,«3| R-i,2,3ljl'J2, J3) 

1 „ ... uj^b-a)n 



^12+13,32+33 AT- 



iia—jib 



^«2+«3j2+i3 AT ^ 



1 rj{i2-j2+a'-b') j3 
^ il{j2-a )~ji{i2-b )~{i2-j2)a 



N ^ ^t2-j2)Ha')Wp,ia')Wp,ib' 
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^jiij2-i2ji+ij3-i3)j3 I ^ ^ ^(i3-n)a' ^ ^ ^-03-il)6' 

= $(j3 - ^3) iv 4- 4- W^p.(&0 ^^^^ 

In the last line we have used the property 

$(a + b) = $(a) $(6) ^"^^ (56) 

which, supplying a factor u;'^*2-i2)a'^ decouples the a'- and ^'-summations in the presence 
of 5,, 

+i3,i2+i3- The determinant of the first three factors of the last line of (^) will again 
be calculated from its Fourier transform. So we define and evaluate 

I . ^ ^32C-i2d+{j3-iz)j3 



= ^i2+i3,j2+j3 ^il-j2 ^j\-i2 ^^^^-j ) (57) 

SO that 

det (2i,22,«3| ^lii, 72, is) = det 1 1 ^ia+igja+ia '^n,-j2 '^ii,-i2 1 1 = (-l)^'(^-i)/2. (58) 
Combining (|54D , (|55D , (|57|) and (|5), our preliminary result is: 
det < ii,i2,«3|R.i,2,3|ji, j2, is > 

W {k) '^'^ 

We may simplify this formula by introducing the function V[x) on the Fermat curve 
V{x) = n (1 - ^"^'a;)". (60) 

n=l 

Writing (V^(co'^^))^ as product of A^^ factors of the form (1 — c<j") times powers of tu, 
we compute 

V{UJ-^) = iV^/2e-(^-l)(^-2)/12_ (gi^ 

It is useful to note that 

,na 



n 



Writing out the factors of (^x'^^'^~^^^'^ V{uj^^ x^^)^ V{x) and extracting several powers 
of cu, we obtain 

We can express the terms involving pi and p2 using V"(x): 



n^p2(^) N{N-i)/2'^ ,w^-i)/2 

n 4/2 n iJl 

In the ratio V{x)/V{uj x) many terms cancel, leading to 
V{x) ( y 



V{ujx) \1 — uj X 



(64) 



Free parameterization of the MTE 15 
This can be used to compute the p4-term in (|^): We define 

n b ' 

which, using = {'^ — ^ W(x,y){b + 1) , is seen to satisfy 

^ = u^^^-^y^f-^y, F,, = 1, F,^ = V*iuj-\ F,, = 0. 

where go, Qoo and qi are the three special Fermat points introduced in (|3TD. This is 
solved by 

Finally, we consider the term: Defining 

. .na 

Gp={x,y) = nx^ 



$(a) Wp{a)' 

G(ux,y) ( y 



n a 

which satisfies 

N 



G(x,y) \l-UJX 

Using G,, = 1, G,^ = 0, G,, = V{u-^),wegei G^ = V{uj-^)/V{x). 
Inserting these results into (0), our final expression for det Ri 23 is: 

— ((ft)'""llfg)' 

The relation X1X2 = oj X3X4 has not yet been used and is still to be imposed here. For 
N = 2 eq.(^) gives 

detR = 2«f^ (l^Mi^V = ^4x4^^^^ (1 + X3)(1 + X4)^^ 



^yiy2 {I - X3){1 - X4) J V Z/iz/l (1 + + X2) 
in agreement with (|85D . Observe that, despite the quite similar appearance of Wp^ and 
Wp^ in (|33|) , different phases make ( |65D unsymmetrical between X3 and X4, compare (|85|) . 

3. Parameterization of the Fermat points 

Now the most important step follows: the parameterization of the Fermat points for 
each of the eight i?-matrices. Recall that x^^ is determined by the other three x^"* due 



to m. 

Writing repeatedly the parameterization (p5|) , (p6|) for the eight i?- matrices, then 
applying repeatedly the functional mappings as it is written in (|5T|), we get for the 
arguments appearing in (|5^): 



7- "ill -^2 — /— "i2, -^3 — ^j3^ -^4 — (,•) • 

U! ^Ul U! LUX 



y^A^ = T,i; z/K^ = ^ T,2; yg^ = T,3; where y^j} ^ ^. (66) 



3 

(i) 



Vk 
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(2) 


\ 




KlM7]^ 


(1) 


M;f \ 


(1) 

KiU\ 


(2) 
(3) 


M4 




(2) 

Mq ^ 

(2) 


m;« 
(1) 


m;« 
m;^ 


(2) 
KiU\ 

(3) 

u\ 


(5) 

(5) 
K4'U4 


(2) 
M^ ' 

(5) 
M4 




(3) 

M^: ' 

(2) 


m;« 
(1) 

KrWc 




(2) 

(3) 
5 


(5) 

Mn ' 

(5) 
Kc;Mk 


(2) 
Mo ' 

(5) 
Mc 
5 




(4) 
M^ 

(2 


(3) 

wl 

(4) 


(5 
5 


(2) 
(7) 


(5) 
Mo 

(5) 


m|) 




(5) 
M^ 

(6 
/tlM7^ 


(3) 
(8) 


(4) 
M7fi 

?5) 


(6) 

uf 


(5) 
Ml 
1 

(5) 
K4M4 


M^ 




M? 
'(1) 


(7) 

Wo 

(8) 


M;f 
m;4 




(6) 
Ml 

(7) 
K4M4 


M« 

4'^ 




(5) 
M^, 

(1) 
K2^t'2 


(7) 

m;4 

(8) 


(8) 

h 


(1) 


(7) 
Mo ' 

(8) 


M« 




(5) 
"6 

(1) 


m;« 
(1) 


(8) 








\ (1) 


(8) 


4V 











(67) 



Here for any / it is implied that 

J(2) 

and 



,(/) -nU) 



if) 



,{/) 

,4,5 



'^2,5,6 " 



/^'\ (68) 



(69) 



J ~ '^1,2,3 '^1,4,5 '^2,4,6 '^3,5,6 i 
For the right hand side of (|52D we define for any / 

f''' = <l6 ° f'''; f'' = <la7^a,a ° f^'h f'' = 'J^leJ^,^^, ° f'' ■ (70) 
Due to the vahdity of the functional tetrahedron equation the four times transformed 
function /® = 7^^■5,6^2■2,6^S"3,5^^f2,3 ° /^^^ coincides with (^). 
Observe that e.g. 



u 



(3) 



(4) 



u 



u 



(4) 



u 



(5) 



M 



(5) . 

1 1 

(6) . 



(2) 



(3) 

U2 ; 



(4) 
U2 



(5) 

U2 ; 



M 



(2) 



U 



(3) 



M 



(4). 



M 



(8) 



M 



(1) 



M 



(2). 



M 



(1) 



M 



(2). 



M 



(3) 



M 



(4). 



M 



(5) 



M 



(6). 



M 



(1) 



M, 



(2) 



M, 



The MTE's leave the following four "centers" invariant, i.e. for j 



f. (71) 
, 8 we have: 



Mfi 



Co 



Wo M7 



0-)„„(i)„„(i) 



w, 



m1^') 



wf w. 



w: 



(72) 



£1 because variables with indices 4,5,6 are not transformed by 7^i2 3) then 

n ( f) 

45 and 6 does not appear in 7^145. 



£1 = u"^' u 

E.g. 

= €1 since M4M5 is center of 7^14,5 and 6 does not appear in 7^14.5. M5M6 is center of 



Eqs.(|66|), ( |67|) provide a "free parameterization of the MTE" which generalizes the 
free parameterization of the single 7?.i^2,3 introduced in remark 0, p.|| . It corresponds 




Figure 3. Parameterization of the arguments u\ , of the rational mapping 

7^^■'] I. in ter ms of line-section ratios. 



to the following scenario: We start with twenty-four arbitrary complex numbers 
u^j^\ w^^\Kj, j = 1..8, and apply repeatedly the functional mappings 7l''^\ choosing 

(k) (k) 

appropriately the phases of Uj ,Wj . So we obtain a parameterization of the eight 
R-matrices obeying the MTE. 

The natural question arises: how many independent parameters has the MTE as a 
matrix identity? As we see already from the existence of the centers (0), some of the 
twenty-four parameters will occur only in certain combinations. 

In order to determine the independent variables in a systematic way, in the next 
subsection we shall use a simple constructive procedure: We express the Uj and Wj in 
terms of line section ratios, the parameterization being designed such as to automatically 
conserve the centers of the mapping. This is in the same spirit as the introdution of r- 
functions in the theory of solitons. We shall find that as a matrix identity the MTE may 
be parameterized by eight independent continuous parameters and eight discrete phases 
common for left and right hand sides of MTE, and besides each of left and right hand 
sides contains four extra independent discrete parameters. In particular, the couphngs 
Kj can all be absorbed by a rescaling. 

Note that one great advantage of the MTEs, which is not shared by Yang-Baxter 
equations, is that many different parameterizations can be found and can be chosen 
according to the particular calculations and apphcations one likes to do. 



3.1. Parameterization in terms of line section ratios 

We now parameterize the m^, w^^^^ in terms of ratios of parameters which can be read 
off from the four line graphs (" quadrilaterals" ) shown in Fig. Fig. ^ gives an enlarged 
detail of Fig. |] with labels attached, which are explained in the following: 

In the quadrilateral Qi there are four directed lines A, B, C, D. The six vertex points 
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cut the lines into four sections each. We denote the sections of hne A by Oq, cti, . . . , 
(the indices increasing in the direction of the hne). Analogously, we label the sections 
of lines B, C, D by 60, • • • , d^. This way for each quadrilateral Qj we have defined 16 
variables. 



Now, to each vertex i of each quadrilateral Qj we associate a pair of variables u 



(i) ^U) 



(which determine the Fermat points in (pGf)), and we require these to be given in terms 
of the ao, fli, . . . , ^2, d-^ of the respective quadrilateral as follows: 

For a uf \ take Qj and look from point i in the direction of the arrows and select the 
right-pointing of the two lines. Now u"p is the ratio of the variable attached to the 
section before to the variable after the vertex. For the w\^'^ take the left-pointing line, 
and divide the variable after the vertex by the variable before the vertex. So, in the 
expressions for the u^p the index of the numerator is one smaller than that for the 
denominator, the inverse is true for the 'w\^\ 

Passing from one quadrilateral to the next one, corresponding to a mapping 7^, always 
three of the "internal " lines are changed, and for distinction, we attach to these changed 
variables dashes and daggers. The eight "external" variables ao, 03, . . . , do, d^ are never 
changed by our mappings. Of the eight "internal" variables (these have the indices 1 
and 2) five are unchanged in each mapping. To collect these definitions, we define 



f/, 



u 



U) „,(i) 

tin 



"5 ' " 



,(i) 



1 5 "2 ) • 

Then from Figs. ^ ^ we read off, applying successively the anticlockwise mappings: 

C2 62 bi 02 ai ao ds ^2 C2 di Ci bi 
C3' 63' 62' as' «2' cti' c?2' di' ci do' Cq' 60 



(73) 



Uo 



Cl 



L'-2 
Co 



Co 
Cl 

Co 



h 

&2" 



6- 



bo_ 
b'f 



b_l 

h 

b^ 



a2 

as' 



a2 ' 



Oq 

ai ' 
ao 



ao 



03 ai 



a'i 



6'/' 



b^ 



a'l" 

Oo 



as 



a'2" 



dl 

di ' 

do' 

d!i 
do' 

d'l 



ds C3 dl 



d 



(^2" C2' (io 
d' 



Cl 
Co' 



cs 



2 

y7' 



&1 

&l" 

bo 



4" 



Cs (is 



c'2 



dl' 



d"" 



bi'" 



' /// ' T ' 

a; a 



We write instead of a'2 
we get 



_ C3 63 

2 03 ao a^^ Cl 02 C2 O2 J 

and d\ instead of c?J^^^, etc. Transforming clockwise in Fig 



(74) 



C2 
Cs' 



b_o 

by 



a2 

bs' bV al' a2' ^2' 



Oo 

a\ 



d?. 



d2 
dl 



dl 



? 5 

Co 



do' 



C2 

c\ 



b_2 
b\ 



C2 
Cs' 



b\ bo ai ao 



d3 dY 



c{ 



b\ 



a, 



as ' d2 



do ' 



Co dl 



d2 
IT' 



C2 



"2 
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etc. Transforming clockwise two times more, we arrive at an alternative expression for 
f/5 , which for distinction we call [/§ : 



Co 



^0 



a 



ttt .tt 



ah 



*' h\' fott' .ttt 



2 a^ "-2 "'■^ ""J^ '"i "2 "-^2 

We see that this particular parameterization in terms of ratios automatically 
incorporates the invariance of the centers of the mappings. E.g. for TL^^^ (in our notation 
is the ^ of (0)): 

(2) 



as do 



tit 

2_ 



C3 



.tit' 



"2 



(75) 



(2) . 



(2) (2) 



yz) I (2) _ (1) ; (1) 

2 "3 — "2 "3 ) "^1 /'^3 ~ "^1 /'^3 ) ""1 ""2 ~ "^1 ""2 



(2) (2) 
Wi Wo 



(1) (1) 
W) Wo 



Also more complicated conditions are fulfilled automatically, e.g. 



(4) (1) (1) 

u\ wi^ 



(1) (2) (3) 
U\ W3 ti^g . 



Observe that because in the mapping from Qi to Q2 the line A keeps the same 
intersection points, there is no a- in the formulae for the Uj, similarly, there are no 
6-', C-", (if, d\, cf , hf , a\. So, altogether, there are 24 primed or daggered variables 



appearing. However, some coincide as we will see. From ([13| ) and (|lj) we easily obtain 
the following relations, which allow to express their N-th powers recursively in terms of 
the N-th powers of the unprimed variables: 



^2 ^2 ^^2 



lN^NjN 



3 5 



^1 ^3 ^1 ^2 ^3 ^2 ^3 ^1 ^1 ^3 ^3 ^2 '^l 

af cf < + a^cf ^2^^ + <af cf ^2^^; 

'^l % ^0 C^l + '^s Ct2 ^2 'io + '^l '^S '^3 '^1 

(2/2 Cq c/2 ~l~ '-^]^ Cq d-^ ~\~ Ki^ d-^ C-^ c/q J 

/€^6/^arrf2'^ + <af 62'^rf'r + ^^^^afb^df; 



-NiN N,N 



,NiN N ,N. 



b!^c^dr 

(X'2 C-^ d-^ 



UN NjN 
2 "1 

N N ilN iN 



d-^ 

a'^^'b^d^'' 

«;faf6'rd2'^ 

af6ff/2'"^ 



^2 "0 "2 



b'^d^a'^ + a^^6^^rf2"' + <a^6f 



^2 
^5 



7"^?, IN jN 

O2 Cn 



K^afb^'^c'i' 



b^arc'^^' + b^c^ar + ^^a^c^br; 

.N.N^Ni iNiiN. 



N „NiiiiN IN 



Kg a^ b^ 



+ K 



3 "2 



llNi IN T 
«2 "2 C2 



^N „llN ulilN 

-3 



c 



1 ) 



tN, 



N „N 



N 



a^b'^cf 



.N 



^b^afcf + tii'tii'ai'h 

a^b^c^ + a^b^c^ + ^^a^b^c^; 
^3 '^2 bo Ci + Kq a^ 62 Cq + ^^3 ^6 ^2 bi Cq ; 
fog C2 + ctg ^0 "^i "I" ^6 ^0 ^1 '^0 ' 



-1 ) 



AT 



.Ni 



bfd^+arbrd^+K 



N^N 



^J^h^d^- 
"2 "0 1 



a 



yN 



b^afd^ + b^a^d^ + K^a^b^dl 

vN 



N„NiA\ 



^2 '^1^ ~ '^3b\ di + K^b^ a2 d^ + /t^/t^a^fo^rf^; 
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a 



ttt 



N 



Co (!/■ 



(Xq ^2 ^3 ^3 ^1 ^1 ^3 ^2 ^2 
tAf .M M AT +iV ,4+Ar 



1 >-2 "-2 

AT tf 
^4 ^1 ^2 



Kj-^ Q"2 ~l~ ^5 ^3 '^i 

c/g Ci-i^ C-|^ ~|~ C-|^ 6^2 ~l~ ^5 ^2 '^l 



+ 02 C2 0?]^ ; 



2 '-'I "2 1 



K\ C'q 62 



C 



1 ) 



= 00^6^4'- +<6^,V-cr 
Using these relations one verifies by straightforward substitution in 



(76) 

41) and (|7|) that 
(77) 



i.e. that the functional tetrahedron equations are satisfied. Eq. (|77D tells us that there 
are eight direct relations between the dashed and daggered variables, e.g. c'l 



q, etc. 



so that in fact due to the functional tetrahedron equations the last eight equations of 
([761) are superfluous. This will be important for the discussion of the freedom of phase 
choices when taking Nth roots. 

bi, etc. the arguments of the TZ^^'^ (j = 1, . . . , 8), 



Written in terms of our parameters a^, 
see (BO), are 
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where (again we do not write out x. 



i2, 
4 ) 



y 



i3, 



(7^ 



X. 



jk 



/ &2C3 


K261C2 


61 C3 \ 




/ nidsbs 


K^C2di 


4ci \ 


K163C2 

a2C2 




b2C2 

aiC2 




^262' 
Hid2a3 


Cid2 
K^Cido 


d2C2 
d2 Co 


aib2 


K^aob'l' 


0062' 




dia'2 
K2d3a'J. 


codi 


(ii"ci 
6/360 


^202^1 


boa'r 


<'63 




d2'a'/' 
^30303 


bod-i' 

'^6^2 Ci 


d2"'bi 
C361'" 


K3b2a3 

jjt tit 
U1C2 


K2boc{ 


&ocF 




/ T 
Ct2^2 

Kidfb^ 


Oi C2 
K34(io 


C|62' 
<Co 


Kib^cl 


6*1 Co 






dfb\ 






a\c3 


/t4CloC^ 


aoC3 




Kid^a^ 


K^C2d\ 




Kia2C2 

a2&3 


fi;4aj62 


„ttt„ 
tti C2 

a] 63 




d2af 

K2C^2«.3 


c\d2 
K,eb2do 


4C2 

6/26! 


^20362 
0162 




0-2^2 

0062 




^30202 


b\dl 

KebiCo 


4^2 
C260 


\ K3a2&i 


6oaI 






V cia\ 


60 Ci 


cl6i / 



(79) 



To check the validity of all the Fermat relations x[''^ + y, 



N 



N 



1 requires using 



the transformation equations (^). The relations (|7^) involve the Nth powers of the 
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variables, so to use them to get the Fermat coordinates, we have to take Nth roots, 
which entails discrete phase choices. The centers (^2]) are just ratios of the external 
variables: 

Ci = ^; <r2 = ^ g:3 = ^; U=^i. (so) 

as 63 Co do 

The external variables ao, 03, . . . , do, ^3 are irrelevant and serve mainly to 
express all quantities in terms of ratios. We may choose them simply all to be unity. 
The "coupling constants" Kj may all be eliminated by re-scaling the eight relevant 
variables ai, 02, c?i, ^2 as follows: 

ai = ai; 02 = 02; Oi = bi; 02 = 02; 

K5 K3 ^^3^5 /t2/t3 

_ i^ii^e _ _ _ , _ i^ii^fi -T- , _ 1^51^6 -T- 

Ci — Ci, C2 — C2, "1 — "li U2 — "2- 

This entails a corresponding re-scaling of the dashed and daggered variables, e.g. 
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d'l 


4" 




'Im. 

"2 1 


a* 


at 


_ 1^5 i^e 




b\ 



— C2 , a2 — a2 , "2 — "2' 

llUlT^. n'" - 7777. _ '^2l11W- 

<^2i "2 ~ "21 '-'2 ~ ''2) 



^2) 



"li ""l — ""li • • • 

K2 K2 K1K2 

So we can simplify eqs.(^) and (|7^) by taking ao = as = 60 = • • • = c^s = 1 and 
Ki = /t2 = . . . = = 1 and replacing the relevant variables by their overlined 
counterparts. 

3.2. The choice of discrete phases. 

As we already mentioned, apart from the eight continuous parameters just discussed, 
the left hand and right hand sides of the MTE depend on phases choices arising from 
taking Nth roots. We investigate how many independent choices can be made and 
whether these affect the MTEs. 

From (^) and (|7^, ([75| ) we see that the left hand side (LHS) and right hand side 



(RHS) of the MTE have 8 arbitrary common phases of 

^2 ~ ^'2 ; ^2 ~ b'2 ; '^2 ~ '^2^^ ; ^2 ~ '^2^^ ; ~ '^1^^ ) ^1 = i>i , Ci = Ci , di = di. 

(5) 

These phases correspond to the phases of u\ etc. Furthermore, the LHS of the MTE 
contains 4 internal phases of 

C2, 62 5 d2 J 0,2 

while the RHS contains 4 internal phases of 
'3-1) c\, b\, d\^ . 

In which way does the LHS depend on its internal phases? Consider e.g. the shift 

4 ^ q'^c2. 
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According to (^) this shift changes the following Fermat coordinates: 

(1) -1 (1) (1) -1 (1) 

2 ± 2 ' 4 ^ y 4 ' 

(2) -1 (2) (2) -1 (2) (4) (4) 



Now note that for g = 
Therefore our shift produces 

(Zl,Z2,^3|^^^^|jl, j2,j3) ^ 4jy ^ (il,i2,«3|^^^^|jl + 1, j2, is) g 

2/4 1 - 

^(2) 1 _ 2,,{2) 

(ji,«4,«5|i?^^^|fci,i4,j5) ^ 42T h){ji + '^,H,k\R^^^\ki,j4,j5)q^' , 

03,j5,j6|^('^|fc3,fc5,A;6) ^ g^'«~^Mj3,j5,j6|i?^')|A;3,A;5,fc6) . 

We see that the change considered produces a simple scalar factor and does not change 
the matrix structure of the LHS of the MTE: 

1 _ y(2) 1 _ 2,(2) 

LHSiq~%) = % ^ \ ^ LHSic',) 

In this way we may convince ourselves: 

• A change of the phases of any of the eight internal variables produces only extra 
scalar factors for the LHS or RHS of the MTE, while the external matrix structure 
does not change. 

• A change of the phases for any of the eight external variables produces extra scalar 
factors both for the LHS and RHS of the MTE, and besides it produces a change of 
the external matrix structure: a shift of the indices zi, fee and some multipliers 

q^^^. However, this change is the same for the LHS and RHS of the MTE. 

4. Explicit form of the MTE for = 2 

For N = 2, using combined indices i = 1 + ^ + 2^2 + 4^3; k = 1 + ki + 2k2 + 4A;3 , we 
can give {R)^lf2a' explicitly in a simple matrix form: We define 



Y^=T^ = \ T1^ for A; = l, 2, 3, 4; 

Z^k = ^ for ik = 13, 14, 23, 24; Z^^ = Y^Y^, Z34 = ttV" (^3) 

Ik ■'3-'4 
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and get 
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^24 














■2^23 


~-Z^34 


\ 




Ziz 


2^13^24 














— Z\2 














■2^13-2^24 


^13 




~Z\2 


















^24 
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~^34 


^23 


















^23 


^34 
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— ^24 


















Zl2 




—Ziz 


^13^24 














Zl2 














^13^24 


^^13 
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^34 


^23 














~^24 


1 


/ 



ik 



The determinant can be calculated directly: 



det R 



YxY2 



-'4 



For = 2 we can also write the MTE quite explicitly. We shall write eq. 

as 

fcl,fc2,A:3,fc4,fc5,fc6 



■7^fcl,fc2,A;3,fc4,A;5,fc6 



(85) 
shorthand 

(86) 



«1,*2,*3,«4,*5,«6 " «1,«2,«3,«4,«5,«6 

where in obvious correspondence and are defined to be the left- and right-hand 
sums of products of four i?-matrices. We use (|83|) and abbreviate Y^^^ by Yij , where i 
labels the four points on the Fermat curve xi, X2, xa, X4 = X1X2/ (1^X3), and j = 1, . . . , 8 
denote the eight arguments of the VS-^'^ . The left hand side of (|86|) is, using (|33|) : 







ki,k2,k3,k4,,k5,k(j 
il, "12^3,14,^5,16 



j^Nfcsfee -^11 -^23 



-1 



24 



X 



-'42 

5,; 



«2+«3j2+i3 "«4+«5j4+i5 "^4+16 .'=4+^6 "^5+^6,^5+^6 



J2 J3 J4J5J6 



X 



(^_X)Ji(i3-i5)+i6(fc2-j2)-i3(n+fc6)+feii5 Y^^'^^'^ Y^ 



«4+Jl 
12 



1 '•, 



22 



1 V-J4+i2 V'S+'^'S 

-'^13 -'^14 



V.?2+n V^^+J'l V-^'4+il VAfe4+j2 V^j4+fc2 V^fc5+i3 ^^^5 + ^3 
-"SI -'41 -"32 -"33 -"43 -"34 -"44 



where all exponents are understood modulo 2, i.e. being just or 1. We can use three of 
the ^'s to eliminate the sums over e.g. j2, j4, je- Then the last 6 gives a compatibility 
condition with the result that if 24 + is + + ^4 + ^5 + ^6 is odd, the component of 
vanishes and these components of the MTE are trivial. These are half of the 2^^ 
components. We also see that, if these occur at all, Yn, Y23, F24 and F42 will factorize 
(Yii appears if ii +^2 is odd, etc.). Each non-zero component has a sum over eight terms 
on each side. The result is: 







ki,k2,k3,k4,k5,kQ 
11,42, 43, M,«5,«6 



■V^j2+il \r 



6. 



*4+«5+«6,fc4+fc5+'S6 



'-11 



kA+k2 ■v^A;5+fc3 
J- 



23 



24 



E 



\^i4,+ki 
-'42 



{ — ^ "1/3 Vj2+jl \^i4+jl \^j4+kl T^j4+j2 \rj4+j2+L 

\ ^) ^21 ^12 ^"22 -'^13 -'U 

«' \^j2+il \ri2+jl \^j4+jl \^k4+j2 \rj4+k2 \rk5+i2+i3+j2 -i^«4+*5+J4+fc3 

Ji,J2,j4 31 -^41 -'32 -'33 -"43 -'34 -'44 



^7) 
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where i = ^2 + ^3 + ^4 + ^5 and 

= 3i32 + 3234. + 343i + ji + ^2(^1 +^6 + ^4 + fee) + 3A{.h + /cs), 
7 = ki{H + ^5) + hik + ^4) + (^^2 + ^3){k + /^e) + ^3^6- 
The analogous expression for the right hand side is: 

, , , , , , \rk2+ki_ v*4+*2 

-^kiMMMiMMe _ r , x- -'25 -'18 -'17 



n,«2,«3,M,«5,«6 "l4+«5+«6,'C4+K5+ft6V / T^fc4+jj^ 

-''^36 

/I \0 vh+h vh+h \^jl+k4 \rj4+j2 \rj4+j2 
I -"-J -'16 -'15 -"26 -'^27 -'28 



+1 



-V^i4+«3+fc4+fc5 \^i5+j2+k2+k3 -1^*2+^4 ■l/'i4+i2 -l^jl+i4 -l^il+fe2 \^ki+j2 ' 

J1J2J4 38 -'48 -"37 -^47 -"46 -"35 -"45 

with T = k2 + + + k^, and 

P = ji(^3 + ^5) + j2(j4 + U) + 3i{k2 + k^ + is), 
7 = iik^ + i2ke + kik^ + {i^ + kG){k2 + ks + zg). 
and again all exponents are understood mod 2. 

We give two examples of non-trivial components of the MTEs: First we consider the 
component 

^0,0,0,0,0,0 _ ^0,0,0,0,0,0 
™ 0,0,0,0,0,0 — P ^ 0,0,0,0,0,0 

This is, written more explicitly, using the abbreviations of ( |83D adding the index j: 

Z,,, = F/^Vn^''^for2A; = 13,14,23,24, Zu,j = Yi''^Y^'\ Z,,, = 1/{Y^'^ y}'^): 

1 + Z24.,lZi3^2 + (-^23,1 ~ -^34,1^13,2)^13,3^13,4 

+ (^23,2 — ^12,2^24,l)2'i4_3Zi4^4 — (^23,1^23,2 + ^34,1^12,2 )^34,3 ^34,4 
= p {1 + 2'24,62'i3^5 + (2'i4^5 + ^24,6^34,5)^24,8^24,7 

+ (^14,6 + ^12,6^13,5)^23,8^23,7 ~ (^14,6^14,5 + ^12,6^34,5)^34,8^34,7} • (89) 

Another component: 

p. 0,0,1,1,0,0 _ ^0,0,1,1,0,0 
^ 0,0,1,0,1,0 — P ^ 0,0,1,0,1,0 

reads analogously: 

(1 + ■Z'24,l-Z'l3, 2) ^23,3-2^23,4 — (-^23,1 ~ ■Z^13,2-Z^34,l)-Z^12,3-2^12,4 

+ (^23,2 — ^24,l2'i2,2)^13,3^24,3^13,4^24,4 + (^23,1^23,2 + -2^34,1-2^12, 2)-Z^24,3-Z^24,4 
= P {^23,6 ^ ^34,6^13,5 + (^23,6^14,5 ~ ^34,6^34,5)^24,8-^24,7 

+ (^24,6 "~ ^13,5)^13,6^23,8^23,7 + (^34,5^ 13,6 ~ ^13,6^24,6^14,5)-234,7^34,8 } ■ (90) 

Each equation appears eight times for different components. In order to write the 
symmetries compactly, we introduce the following three mappings a, b, c of the upper 
or lower indices: 

a{ii, i2, 23, ^4, ib, i%) = {h + 1, ^2 + 1, ^3, H + 1, ib, k); 

b{ii, i2, is, ii, i5, ie) = {h, ^2, is + 1, H, k + 1, ^^6); 

C(ii, 22, 23, «4, 25, 26) = (2l, 22, 23, 24, 25, 26 + 1), 

and a6(2i, 22, 23, 24, 25, 26) = 0(6(21, 22, ^^3, ^5, ^e)), etc. (91) 
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the same also for the kj instead of the ij. Of course, the indices are always taken mod 2. 

Altogether, for N = 2 there are 2^ different nontrivial components, an independent set 
is (the same for the 0) 

j^fci,fc2,A:3, 0,0,0 /svfcl,fc2,fc3il,l:0. isjfci,fc2,fe3:li0,l (^ki,k2,ks, 0,1,1 

^il, 12, is, 0,0,0 1 '-^11,12,13,0,0,0 ) '^11,12,43,0,0,0 1 '-^ii,i2,i3,0,0,0 

for ii,i2,i3,ki,k2,h = 0,l. (92) 



Proposition 5 For N = 2 the components of the left-hand side of the Modified 
Tetrahedron Equation satisfy the following symmetry relations: 

C^ki,k2,k3,k4,k5,k6 _ p.a{ki,k2,ks,k4,k5,k(i) 
^h, 12, is, 0,0,0 — ^a{ii,i2, is, 0,0,0) 

— yi+^'i C)^('=l''=2'^3,fc4,A;5,fc6) _ ( i\ii+kip^ab(ki,k2,ks,k4,k5,ke) 
~ \ '-J ^b{ii,i2, is, 0,0,0) ~ \ ^ab(ii,i2,is,0,0,0) 

— ( lY2+i3+k2+ksp^<^ikl,k2,ks,k4,k5,kfi) _ / 1 y2+j3+fc2+fc3C)ac(fci,fc2,fc3,fc4,fc5,fc6) 
~ '^c{ji,i2,i3,0,0,0) ~ I ^aciii,i2,i3,0,0,0) 

_ /_1 yi+j2+j3+fel+fc2+fc3C)^'=('^l''^2''^3,fc4,fc5,'S6) _ / _ 1 \ il +i2+i3+fcl +fc2+fc3 '^=2 ,fc3,'S4,fc5,fc6) 

^ ^fec(n,i2,j3, 0,0,0) V ) ^abc(ii,i2, is, 0,0,0) ' 

(93) 

where ii, 12, ^3, fci, k2, ■ ■ ■ , k^, k^ = 0, 1. Here the mappings a, b, c are defined as in ^9^). 
The same equations are valid for the right-hand components, i.e. for replaced by 0. 
For A;4 + + fcg odd, these equations are trivial. 



Proof: Use the explicit formulae ( 87 ) and (|8^) . For the relations involving the mapping 
a we shift the summation indices ji, j2, Ja- Then all exponents of the F— factors are 
unchanged. No phase is appearing, since the shift in 7 (7) is compensated by the shift 
in (3 (/5). For the relations involving the mappings b and/or c, also all exponents of the 
Y are unchanged. The phase factors appear from the shifts in 7 or 7. □ 



The terms 



Z^k,j = ylj} , ik = 13, 14, 23, 24 

1 + xY' 



(i + x?)(i + x^>)' ^(.)^(.)(i_^o-)y 

which appear in (|89D and (|90|) have the following explicit form, taking all boundary 
coefficients and all to be unity, compare (pTD,(p2D : 

_ (&2'C2 - bi)d2 _ (62C2 - Ci)c?2 

02 - ib2 (02 + lC2)dl 

_ (62 'C2 - 61)^2' _ (&2C2 - Ci)d2 

^23,1 - —Tl TT-r'^ ^24,1 



Cib2 — ibic'2 ' ' {bic'2 + ib2'ci)di' 

al%' - af)cf ^ (4'4^ - bT)c^ 



''''' b^"'al^ - tafb2^^ ' '''' (afbl^ + ^alh'|'y| ' 



(94) 
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etc. Discrete sign choices of square roots come in when expressing the transformed 
variables e.g. feg, a'/', etc. in terms of the original eight variables Oi, 02, . . . , (^2 via 
([f6|). E.g. from the first lines of 



^2'= ±7— \/(&2 + &?^2)c? + blcld\ ■ 4' = ±— - J(a2d2 + ald^^)c'^^ + c^ds'' 
O2C2 ^ Cidi ^ 

All dashed or daggered variables are square roots of rational expressions. 
From (|85|) the factor p is: 



P 



(95) 



Using the components like (|90|) and inserting there (p5D and (p4D, (ff^) we get the MTE 
in terms of our eight parameters Oi, . . . , ^2 and sixteen choices of the signs of 

O2 , C2, (32 , 0-2) C^, "u Ol ) "2 5 '^IJ ''l) '^1) '^2 ) ''2 ) "1 ) '^1 ) ^2 . (^yOj 

We have confirmed the N = 2-MTE numerically for all 256 different components, 
choosing random complex numbers for the eight continuous variables and random signs 
for the sixteen square roots in the variables 

We conclude mentioning that for = 3 we find that of the 3^^ components of the 
MTE for (i?(^))J''J''f given in (|3|), 2 x 3^^ components are just = 0, while 3^^ 
(not all distinct) equations have non-trivial left- and right-hand sides. 



5. Conclusions 



In this paper we study the Modified Tetrahedron Equation (|52|) in which the Boltzmann 
weights Ril'i2'i3 depend on Fermat-curve variables via cyclic weight functions, see 
(^). The conjugation by the i?-matrix is a rational automorphism of the ultra-local 
Weyl algebra at the N-th root of unity. The representation of this automorphism as a 
functional mapping in the space of the parameters of the ultra-local Weyl algebra allows 
us to obtain the free parameterization of the MTE. By "free parameterization" we mean 
that we leave free which solution of the functional tetrahedron equation (^) with which 
boundary conditions will be chosen. We express the Fermat-curve variables (and so 
the Boltzmann weights) in terms of an independent set of eight continuous parameters 
and specify the sixteen phases which can be chosen independently. We derive a general 
expression for the scalar factor of the MTE. For the simplest non-trivial case N = 2 
the MTE is written out explicitly. In this case it contains 256 linearly independent 
components. 

The MTE allow to obtain a wide class of new integrable models: The R-matrices 
may be combined into the cubic blocks obeying globally the usual TE by due to the 
validity of the local MTE-s. The advantage of the free parameterization presented here 
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is that it allows to get the appropriate parameterization for blocks of any size. This is 
the subject of a forthcoming paper. 

New integrable 2-dimensional lattice models with parameters living on higher 
Riemann surfaces can be obtained from the MTE by a contraction process which has 
been described in |T5[] . 

A further important application of the MTE concerns the following: As usual the 
TE leads to the commutativity of the layer-to-layer transfer matrices, while the MTE 
can be used to obtain exchange relations for the layer-to-layer transfer matrices. The 
exchange relations are related to isospectrality deformations and form the basis for a 
functional Bethe ansatz for three dimensional integrable spin models, see 



Note finally, that starting from the results of this paper, we can consider several 
limits of the parameterization, which are connected to various degenerations of the 
weights. The usual Tetrahedron equation of follows from the MTE in the special 
regime when the free parameters Uj,Wj, j = 1 ... 6 belong to the submanifold of C^^ 
defined by 

- -ur = wr- 7^!2, ■ < = . (97) 

This variety may be parameterized in terms of spherical geometry data. E.g. Ri,2,3 may 
be associated with the spherical triangle with the dihedral angles 9i, 6*2, 6*3 and 

^f = tan2^, «:^ = cot2^, = tan^ ^ . (98) 
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